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According to experimental data at GSI, the rates of the number of daughter ions, produced by
the nuclear K–shell electron capture (EC) decays of the H–like 140Pr58+, 142Pm60+ and 122I52+
ions, are modulated in time with periods TEC of the order of a few seconds, obeying an A–scaling
TEC = A/20 s, where A is the mass number of the mother nuclei, and with amplitudes a
EC
d ∼ 0.21.
In turn, the positron decay mode of the H–like 142Pm60+ ions showed no time modulation of the
decay rates. As has been shown in Phys. Rev. Lett. 103, 062502 (2009) and Phys. Rev. Lett.
101, 182501 (2008), these data can be explained by the interference of two massive neutrino mass–
eigenstates. In this letter we give a reply on the comments on our paper Phys. Rev. Lett. 103,
062502 (2009) by A. Gal (arXiv: 0809.1213v2). PACS: 12.15.Ff, 13.15.+g, 23.40.Bw, 26.65.+t
“GSI Oscillations” as interference of massive
neutrino mass–eigenstates [7]
The experimental data on the K–shell electron
capture (EC) and positron (β+) decay rates of the
H–like heavy ions, carried out in the Experimen-
tal Storage Ring (ESR) at GSI in Darmstadt [1]–
[4], place the following constraints on the theoreti-
cal approaches for explaining of these phenomena:
1) the periods TEC of the time modulation of the
EC–decay rates obey the A–scaling TEC = A/20 s,
where A is the mass number of the mother ion, 2)
the modulation amplitude for all observed decays
is aECd ≃ 0.21 and 3) the β+–decay rates have no
time modulated terms. In addition all theoreti-
cal approaches, describing the experimental data
of the EC and β+ decay rates of the H–like heavy
ions [1]–[4], should explain the absence of the time
modulation of the EC–decay rates of bound atoms
142Pm and 180Re, measured in [5, 6].
As has been shown in [7]–[11], the experimen-
tal data [1]–[4], called the “GSI Oscillations”, and
the observations reported in [5, 6] can be explained
only following the hypothesis of the interference of
the massive neutrino mass–eigenstates |νj〉 [7, 8],
defining the neutrino |να〉 with a lepton charge
α = e, µ or τ as a coherent superposition of mas-
sive neutrino mass–eigenstates |να〉 =
∑
j U
∗
αj |νj〉
[12]. Neither the magnetic field of the ESR [10]
(see also [13]) nor the mass–splitting of the H–like
mother ions [9, 11] (see also [7]) enable to explain
the experimental data [1]–[6]. The discussions of
the “GSI oscillations” as the interference of mas-
sive neutrino mass–eigenstates were proposed in
[14].
Recently [15], Gal has criticised the results ob-
tained in [7]. The main aim of this letter is to clar-
ify all problems, which have prevented Gal from
accepting our results.
Frequencies of “GSI oscillations”, caused by
interferences of massive neutrino mass–eigenstates,
should be inversely proportional to neutrino energies,
i.e. to Q–values of EC–decays of H–like heavy ions,
but not to the mass number A of mother ions [15]
The amplitude of the EC–decay m → d + νe,
caused by a Gamow–Teller 1+ → 0+ transition of
the mother ion m from the ground hyperfine state
(1s)F= 1
2
into the daughter ion in the stable ground
state and the electron neutrino νe, a coherent su-
perposition |νe〉 =
∑
j U
∗
ej |νj〉 of massive neutrino
mass–eigenstates νj with masses mj, is a function
of time t defined by [7]
A(m→ d νe)(t) =
∑
j
UejA(m→ d νj)(t), (1)
where the amplitude A(m → d νj)(t) of the m →
d + νj transition is calculated with the Hamilton
operator of weak interactions given by [7, 8]
H
(j)
W (t) =
GF√
2
Vud
∫
d3x[ψ¯n(x)γ
µ(1− gAγ5)ψp(x)]
×[ψ¯νj (x)γµ(1− γ5)ψe−(x)], (2)
with standard notation [7, 8, 16]. It is equal to
A(m→ d νj)(t) = − δMF ,− 12
√
3
√
2Mm
×MGT 〈ψ(Z)1s 〉
√
2Ed(~qj)Ej(~kj)
e i(∆Ej−iε)t
∆Ej − iε
×Φd(~kj + ~qj), (3)
where ∆Ej = Ed(~qj) +Ej(~kj)−Mm is the energy
difference of the final and initial state, Mm is the
mother ion mass, Ed(~qj) and Ej(~kj) are the ener-
gies of the daughter ion and massive neutrino νj
with 3–momenta ~qj and ~kj , respectively, MGT is
the nuclear matrix element of the Gamow–Teller
transition m → d and 〈ψ(Z)1s 〉 is the wave function
of the bound electron in the H–like heavy ion m,
averaged over the nuclear density [16].
Suppose that in the EC–decay m → d+ νe the
momenta of the daughter ions ~qj , produced in the
decay channelsm→ d+νj , are precisely measured.
In case that the differences of momenta |~qi − ~qj |
are larger then the momentum resolutions |δ~qj |,
i.e. |~qi − ~qj | ≫ |δ~qj |, where ~qi is a 3–momentum
of a daughter ion in the decay channel m→ d+ νi
for i 6= j, all decay channels m → d + νj are dis-
tinguished experimentally and the EC–decay rate
should never show time modulation. This agrees
with the assertion pointed out in Ref.[17].
However, this is not the case with the “GSI oscil-
lations” [1]–[4]. The wave function of the detected
daughter ion should be taken in the form of a wave
packet, since the time differential detection of the
daughter ions from the EC–decays with a time res-
olution τd ≃ 0.32 s introduces energy δEd ∼ 2π/τd
and 3–momentum |δ~qd| ∼ 2π/τdvd uncertainties,
where vd is the velocity of the daughter ion in
the ESR [7]. Such a smearing is described by the
wave function Φd(~kj + ~qj) [7]. In the rest frame
of the H–like mother ion the energy and momen-
tum uncertainties are equal to δEd ∼ 2πγ/τd =
1.85×10−14 eV and |δ~qd| ∼ 2πγMd/τdQEC , where
γ = 1.432 is the Lorentz factor of the H–like
mother ions [1], vd = QEC/Md is a velocity of
the daughter ion and QEC is the Q–value of the
EC–decay, equal to the momentum of the daugh-
ter, and Md is the mass of the daughter ion. For
the EC–decay 140Pr58+ → 140Ce58+ + νe the Q–
value is equal to QEC = 3348(6) keV [16]. This
gives |δ~qd| ∼ 7.21× 10−10 eV.
Due to energy and momentum conservation in
every EC–decay channel m → d + νj the energy
and momentum of massive neutrino νj are equal
to [7]
Ej(~kj) ≃ QEC +
m2j
2Mm
, |~kj | ≃ QEC −
m2j
2QEC
, (4)
where QEC = Mm −Md. The differences of en-
ergies and momenta of neutrino mass–eigenstates
are
ωij = Ei(~ki)− Ej(~kj) =
∆m2ij
2Mm
,
kij = |~ki| − |~kj | = −
∆m2ij
2QEC
. (5)
In turn, ωij and kij determine also the recoil en-
ergy and 3–momentum differences of the daughter
ions.
For two massive neutrino mass–eigenstates and
the EC–decay of 140Pr58+ [7] we get
ω21 =
∆m221
2Mm
= 8.40× 10−16 eV,
|k21| = ∆m
2
21
2QEC
= 3.27× 10−11 eV, (6)
where we have set ∆m221 = 2.19 × 10−4 eV2 [7].
Since δEd ≫ ω21 and |δ~qd| ≫ |k21|, the daughter
ions, produced in the two decay channels m→ d+
ν1 and m→ d+ ν2, are indistinguishable [7]. This
is the origin of the coherence in the EC–decays
m→ d+ νe of the H–like heavy ions, measured in
GSI [7].
Thus, in GSI experiments the observed daugh-
ter ion d is a nucleus with energy Ed(~q ) and 3–
momentum ~q for all decay channels m → d + νj .
The amplitude of the m→ d+ νe decay reads
A(m→ d νe)(t) = −δMF ,− 12
√
3
√
2MmMGT
×〈ψ(Z)1s 〉
∑
j
Uej
√
2Ed(~q )Ej(~kj)
e i(∆E
′
j−iε)t
∆E′j − iε
×Φd(~kj + ~q ), (7)
where ∆E′j = Ed(~q ) + Ej(
~kj) − Mm. The EC–
decay rate is related to the expression
lim
ε→0
d
dt
1
2
∑
MF
|A(m→ d νe)(t)|2 = 3Mm|MGT|2
× |〈ψ(Z)1s 〉|2
{ ∑
j=1,2
|Uej |22Ed(~q )Ej(~kj) 2π δ(∆E′j)
×|Φd(~kj + ~q )|2 +
∑
i>j
U∗eiUej
√
2Ed(~q )Ei(~ki)
×
√
2Ed(~q )Ej(~kj) Φ
∗
d(
~ki + ~q )Φd(~kj + ~q )
× [2π δ(∆E′i) + 2π δ(∆E′j)] cos(ωijt)
}
. (8)
This expression reproduces Eq.(9) in our paper [7]
with the same frequencies ωij = ∆m
2
ij/2Mm.
As has been mentioned in [7], the first term in
Eq.(8) is the sum of the two diagonal terms of the
transition probability into the states d + ν1 and
d + ν2, describing the incoherent contribution of
massive neutrino mass–eigenstates, while the sec-
ond term defines the interference of states νi and
νj with i 6= j causing the periodic time dependence
with the frequency ωij equal to
ωij = ∆E
′
i −∆E′j = Ed(~q ) + Ei(~ki)−Mm
−Ed(~q )− Ej(~kj) +Mm = Ei(~ki)− Ej(~kj) =
=
∆m2ij
2Mm.
(9)
2
Thus, we argue that the interference term, pro-
duced by a coherent contribution of massive neu-
trino mass–eigenstates with a frequency inversely
proportional to the mass number A of the mother
ion, can be observed only due to energy and mo-
mentum uncertainties, introduced by the time dif-
ferential detection of the daughter ions [7].
Due to the smallness of neutrino masses for the
calculation of the EC–decay rate we can take the
massless limit everywhere except the modulated
term U∗eiUej cos(ωijt) [7]. Since the 3–momenta of
the massive neutrino mass–eigenstates and the 3–
momenta of the daughter ions differ only slightly
from the Q–value of the EC–decay, we can set ~ki ≃
~kj ≃ ~k and |Φd(~k + ~q )|2 = V (2π)3 δ(3)(~k + ~q ),
where V is a normalisation volume [7]. Using the
definition of the EC–decay rate
λEC(t) =
1
2MmV
∫
d3q
(2π)32Ed
d3k
(2π)32Eνe
× lim
ε→0
d
dt
1
2
∑
MF
|A(m→ d νe)(t)|2, (10)
we obtain the following expression for the time
modulated EC–decay rate [7]
λEC(t) = λEC(1 + aEC cos(ω21t)), (11)
where ω21 = ∆m
2
21/2Mm, aEC = sin 2θ12 and λEC
has been calculated in [16]. The EC–decay rate
Eq.(11) is calculated for the matrix elements Uej of
the mixing matrix U , taken at θ13 = 0 [7] (see also
[12]). In the laboratory frame the EC–decay rate
is time modulated with a frequency ωEC = ω21/γ.
Thus, the period TEC of the time modulation is
TEC =
2π
ωEC
=
2πγMm
∆m221
. (12)
For the experimental data on the periods of the
time modulation [1]–[4] we get ∆m221 = 2.19 ×
10−4 eV2 [7].
Coherence vs. incoherence in two–body electron
capture - No interference terms in EC–decay rates of
H–like heavy ions [15]
According to Gal [15], the two–body K–shell
electron capture m → d decays, when only the
daughter ions are observed, are driven by the com-
plete set of orthogonal neutrino states |να〉 =∑
j U
∗
αj |νj〉 with all lepton flavours α = e, µ and
τ . The amplitude of the m → d + να transition is
equal to [15]
A(m→ d να)(t) =
∑
j
UαjUejA(m→ d νj)(t), (13)
where the amplitude A(m→ d νj)(t) is defined by
Eq.(3).
Since in GSI experiments neutrinos in the EC–
decays of the H–like heavy ions are not detected,
Gal proposes to define the probability of the m→
d transition as the incoherent sum of the squared
absolute values of the amplitudes of them→ d+να
transitions [15]
P (m→ d)(t) =
∑
α
|A(m→ d να)(t)|2 =
=
∑
α
∑
i
∑
j
U∗αiU
∗
eiUαjUejA
∗(m→ d νi)(t)
×A(m→ d νj)(t), (14)
where the index α runs over α = e, µ and τ . Using
the orthogonality relation for the matrix elements
of the mixing matrix [12]
∑
α
U∗αiUαj = δij (15)
one can arrive at the expression [15]
P (m→ d)(t) =
∑
j
|Uej |2|A(m→ d νj)(t)|2, (16)
which contains no interference term. A similar ar-
gument has been recently given by Yazaki [18].
We want to point out here that the use of the
complete set of neutrino wave functions |να〉 =∑
j U
∗
αj |νj〉 with all lepton flavours leaves room
for the restoration of the interference terms in the
rates of the m→ d transitions.
The amplitude A(m→ d)(t) of the m→ d tran-
sition we propose to define as a coherent superpo-
sition of the amplitudes A(m→ d να)(t)
A(m→ d)(t) =
∑
α
e− iϕαA(m→ d να)(t), (17)
where we have introduced arbitrary phases ϕα for
neutrinos να, which are responsible for the restora-
tion of the interference term. The amplitudes
A(m → d να)(t) are determined by Eq.(13). The
possibility to describe the amplitude A(m→ d)(t)
by a coherent superposition Eq.(17) is obvious,
since neutrinos να are not detected.
The rate of the m → d transition is related to
the expression [7]
lim
ε→0
1
2
d
dt
∑
MF
|A(m→ d)(t)|2 =
= 3Mm|MGT|2|〈ψ(Z)1s 〉|2
×
{∑
j
∣∣∣∑
α
UαjUeje
− i ϕα
∣∣∣22Ed(~q )Ej(~kj) 2π
3
× δ(∆E′j) |Φd(~kj + ~q )|2 +
∑
ℓ>j
√
2Ed(~q )Eℓ(~kℓ)
×
√
2Ed(~q )Ej(~kj) [2π δ(∆E
′
ℓ) + 2π δ(∆E
′
j)]
×Re
[∑
β
U∗βℓU
∗
eℓ e
+i ϕβ
∑
α
UαℓUej e
−i ϕα
×Φ∗d(~kℓ + ~q )Φd(~kj + ~q ) e i ωℓjt
]}
, (18)
where indices ℓ and j denote the neutrino mass–
eigenstates, the indices α and β run over all lepton
flavours. The frequencies ωℓj of the time modula-
tion are defined by Eq.(5).
As has been remarked in [7] and discussed above,
the first term in the r.h.s. of Eq.(18) corresponds
to the decoherent contribution of massive neutrino
mass–eigenstates, whereas the second one is caused
by the coherent contribution of the decay channels
m→ d+ νj .
The EC–decay rates, measured in GSI experi-
ments, take the form [1]
λEC(t) = λEC(1 + aEC cos(ωECt+ φEC)). (19)
In order to reproduce the correct value of the EC–
decay constant λEC , calculated in [16] in the the-
ory of weak interactions with massless neutrinos,
we impose the following constraint on the phases
of the neutrino wave functions
∑
j
∣∣∣∑
α
UαjUeje
− i ϕα
∣∣∣2 = 1. (20)
Setting the mixing angels θ13 = 0 and θ23 = π/4
and using the definition of the mixing matrix U
[12], the condition Eq.(20) can be transcribed into
the form
∑
j
∣∣∣∑
α
UαjUeje
− i ϕα
∣∣∣2 = 1
−1
2
sin2 2θ12 cos(ϕµe − ϕτe) + 1√
2
sin 2θ12
× (cosϕτe − cosϕµe) cos 2θ12 = 1, (21)
where ϕαe = ϕα − ϕe for α = µ, τ .
The interference term is∑
ℓ>j
2Re
[∑
β α
U∗βℓU
∗
eℓe
i(ϕβ−ϕα)UαℓUeje
iωℓjt
]
=
=
1√
2
sin 2θ12 (sinϕµe − sinϕτe) sin(ω21t). (22)
where we have used Eq.(21).
Identifying the rate of them→ d transition with
the EC–decay rate Eq.(19) we get
ωEC =
ω21
γ
=
∆m221
2γMm
,
φEC = − π
2
,
aEC =
1√
2
sin 2θ12 (sinϕµe − sinϕτe). (23)
Thus, we predict that the phase and amplitude of
the time modulated term of the EC–decay rate of
the H–like heavy ions should be universal and equal
to φEC = −π/2 and aEC = 1√2 sin 2θ12 (sinϕµe −
sinϕτe) (see Eq.(23)), respectively.
For the experimental value of the mixing an-
gle θ12 = 34
0 [12] and the modulation amplitude
aEC = 0.21 [1]–[4] we get the following system of
equations
{
sinϕµe − sinϕτe=0.32
1.75 cos(ϕµe − ϕτe) + cosϕµe − cosϕτe=0 ,
(24)
defining the phase differences ϕµe and ϕτe. The
second equation we have obtained from the condi-
tion Eq.(21). One of the solutions of the system
Eq.(24) is ϕµe ≃ 1.75 rad and ϕτe ≃ 0.73 rad.
For the understanding of the physical origin of
the phases ϕα one can analyse, for example, the
mixing matrix for neutrinos να with definite lep-
ton charges α = e, µ and τ as coherent superpo-
sitions of massive neutrino mass–eigenstates. The
wave functions of neutrinos να, which we use for
the calculation of the amplitudes of the EC–decay
rates, can be written as |να〉 =
∑
j U˜
∗
αj |νj〉, where
the mixing matrix U˜∗ is defined by
U˜∗ =

 e
iϕe 0 0
0 e iϕµ 0
0 0 e iϕτ

U∗ =
=

 e
iϕe 0 0
0 e iϕµ 0
0 0 e iϕτ




c12 s12 0
− s12√
2
+
c12√
2
1√
2
+
s12√
2
− c12√
2
1√
2

 .
(25)
Here U∗ is the standard mixing matrix, calculated
for the mixing angles θ13 = 0 and θ23 = π/4 [12].
In such a representation of the mixing matrix, the
phase differences ϕµe = ϕµ−ϕe and ϕτe = ϕτ−ϕe
may have the meaning of Majorana phases, caused
by CP–violation [12].
Since due to the condition Eq.(21) the limit of
equal phases ϕe = ϕµ = ϕτ = ϕ, including ϕ = 0,
of wave functions of neutrinos with lepton flavours
α = e, µ and τ corresponds to the massless limit
of massive neutrino mass–eigenstates mj → 0, be-
ing equivalent to the vanishing of the mixing an-
gle θ12 → 0, the interference term vanishes for
ϕe = ϕµ = ϕτ = ϕ and, of course, for ϕ = 0
as a partial case.
4
Final state interference in EC–decay rates is due to
the neutrino magnetic moment [15]
The “GSI oscillations” cannot be induced by the
magnetic moments of neutrinos, since in this case
the experimental data on the EC and β+ decays
of the H–like ions should show a time modulation
with equal periods. This contradicts [1]–[4].
Conclusive discussion
We have shown that the appearance of the inter-
ference terms in the EC–decay rates of the H–like
heavy ions with periods, proportional to the mass
of the H–like mother heavy ion TEC ∼Mm but not
the Q–value of the EC–decay, is due to overlap of
massive neutrino mass–eigenstate energies and of
the wave functions of the daughter ions in two–
body decay channels m→ d+ ν1 and m→ d+ ν2,
caused by the energy and momentum uncertain-
ties, introduced by the time differential detection
of the daughter ions in GSI experiments.
We have shown that the idea that neutrinos with
all lepton flavours contribute to the EC–decays of
the H–like heavy ions, which has been used by Gal
to show the non–existence of interference terms,
can be adopted for the derivation of the EC–decay
rates with interference terms.
We have pointed out that magnetic moments of
massive neutrino mass–eigenstates cannot be re-
sponsible for the time modulation of the EC–decay
rates of the H–like have ions. The most important
objective is that such a time modulation should
be universal for EC and β+ decay rates of all H–
like heavy ions. This contradicts the experimental
data [1]–[4].
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